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ABSTRACT. In this paper we investigate the isochronicity and linearizability problem for a
cubic polynomial differential system which can be considered as a generalization of the Ric-
cati system. Conditions for isochronicity and linearizability are found. The global structure
of systems of the family with an isochronous center is determined. Furthermore, we find
the order of weak center and study the problem of local bifurcation of critical periods in a
neighborhood of the center.

1. INTRODUCTION

A classical problem in the qualitative theory of ordinary differential equations is to char-
acterize the existence of centers and isochronous centers. A singular point of a planar au-
tonomous differential system is called a center if all solutions sufficiently closed to it are
periodic, that is, all trajectories in a small neighborhood of the singularity are ovals. If all
periodic solutions inside the period annulus of the center have the same period it is said that
the center is isochronous.

Poincaré and Lyapunov have shown that the existence of an isochronous center at the
origin of a system of the form

(11) H?:—y—‘rp(.%',y), y:a:—i—Q(m,y),

where P(z,y) and Q(z,y) are real polynomials without constant and linear terms, is equiv-
alent to the linearizability of the system. This equivalence has made the studies of the
isochronicity problem simpler, since the linearizability problem can be extended to the com-
plex field, where the computational methods are more efficient.

The investigation on isochronicity of oscillations started in the 17th century, when Huygens
studied the cycloidal pendulum [27]. However, only in the second half of the last century the
isochronicity problem began to be intensively studied. In 1964 Loud [31] found the necessary
and sufficient conditions for isochronicity of system (1.1) with P and @ being quadratic
homegeneous polynomials. Later on, the isochronicity problem was solved for system (1.1)
when P and @ are homogeneous polynomials of degree three [10] (see also [29]) and degree
five [11]. However in the case of the linear center perturbed by homogeneous polynomials
of degree four the problem is still unsolved, although some partial results were obtained
[7, 23]. The reason is that linearizability quantities (which are polynomials in the parameters
of system (1.1) defined at the beginning of Section 2) have more complicate expressions
in the case of homogeneous perturbations of degree four, than in the case of homogeneous
perturbations of degree five. There are also many works devoted to the investigation of
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particular families of some other polynomial systems, see e.g. [1, 6,9, 14, 35, 413] and references
therein. Many works also deal with investigation of isochronicity of Hamiltonian systems, see
e.g. [12, 15, 24, 28, 31] and references given there.

The problem of critical period bifurcations is tightly related to the isochronicity problem.
In a neighborhood of a center the so-called period function T'(r) gives the least period of the
periodic solution passing through the point with coordinates (z,y) = (r,0) inside the period
annulus of the center. For a center that is not isochronous any value r > 0 for which 7"(r) = 0
is called a critical period. The problem of critical period bifurcations is aimed on estimating
of the number of critical periods that can arise near the center under small perturbations. In
1989, Chicone and Jacobs [11] introduced for the first time the theory of local bifurcations of
critical periods and solved the problem for the quadratic system. Local bifurcations of critical

periods have been investigated for cubic systems with homogeneous nonlinearities [15], the
reduced Kukles system [16], the Kolmogorov system [10], the Zs-equivariant systems [3] and
some other families (see e.g. [10, 22, 19] and references therein). In [20] a general approach

to studying bifurcations of critical periods based on a complexification of the system was
described, and some upper bounds on the number of critical periods of several cubic systems
were obtained.

In this paper we are interested in the family of Riccati systems. The classic Riccati system
is written in the form

(1.2) i=1, y=g(2)y*+g1(2)y+ go(2),

where each g;(x) is a C! function with respect to z and g2(z)go(z) # 0. System (1.2) becomes
a special case of Berouilli system if go(z) = 0, and it obviously is a linear differential system
if go(x) = 0.

The Riccati equation has been invstigated by many authors, see for example [32, 33]
and references therein. They are important since they can be used to solve second-order
ordinary differential equations and can be applied in studying the third-order Schwarzian
differential [37]. It also has many applications in both physics and mathematics. For instance,
renormalization group equations for running coupling constants in quantum field theories [5],
nonlinear physics [36], Newton’s laws of motion [39], thermodynamics [11] and variational
calculus [50].

Recently Llibre and Valls [32, 33] investigated the planar differential system

i=fy), §=g2)y"+g(x)y+ golx),

which is called the generalized Riccati system, since it becomes the classic Riccati system
when f(y) = 1. In this paper we study a subfamily of the generalized Riccati system, cubic
systems of the form

&= —y + agey® + aosy’,
(1.3) Y= (bog -+ b12$)y2 + (bul’ + b21x2)y + (.I' + bgox2 + b30x3)
= & + boox® + b112y + bo2y® + bsox® + bar2?y + braay?,

where x,y are unknown real functions and a;;, b;; are real parameters. Note that system (1.3)
is the so-called reduced Kukles system when ago = ags = 0.

The aims of our study are to obtain conditions on parameters a;; and b;; for the lineariz-
ability of system (1.3), to study the global structures of trajectories when the system has an
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isochronous center, and to investigate the local bifurcations of critical periods at the origin.
In Section 2 we present our main result on linearizability, Theorem 2.1, which gives condi-
tions for the linearizability of system (1.3). We also describe an approach for deriving such
conditions which is based on making use of modular computations which are performed in
the systems of computer algebra SINGULAR [17] and MATHEMATICA [18]. The approach can
be applied to investigate many problems involving solving systems of algebraic polynomials.
In Section 3 we study the global dynamics of system (1.3) when the origin is an isochronous
center. The last section is devoted to the investigation of local bifurcations of critical periods
in a neighborhood of the center.

2. LINEARIZABILITY OF SYSTEM (1.3)

We first briefly remind an approach for studying the isochronicity and linearizability prob-
lems for polynomial differential systems of the form

n n
(2.1) T=—-y+ Z apr’y?, Y=z + Z bp,g2y?,
p+q=2 p+q=2

where z,y and ay 4, by 4 are in R.
System (2.1) is linearizable if there is an analytic change of coordinates

(2.2) mi=2+ > ™y yi=y+ > dmar™y",
m+4n>2 m+4n>2
which reduces (2.1) to the canonical linear system &1 = —y1, 1 = 1.

Obstacles for existence of a transformation (2.2) are some polynomials in parameters of
system (2.1) called the linearizability quantities and denoted by i, ji (k =1,2,...).
Differentiating with respect to ¢ both sides of each equation of (2.2) we obtain

. . 1 . 1 .
1 =% + Z mempx™Yy" | T+ Z nemnt"Y" 7,
m+n>2 m+n>2
(2.3)

yl :y + Z mdm,nxmilyn T+ Z ndm,n$myn71 y
m+n>2 m+n>2

Substituting in the above equations the expressions from (2.2) and (2.1), one computes the
linearizability quantities iy, ji step-by-step (see e.g. [21] for more details).

From (2.3) it is easy to see that the linearizability quantities i, jp are polynomials in
parameters ay q, by 4 of system (2.1). We denote by (a,b) the s-tuple (s is the number of pa-
rameters ay q, by 4 in system (2.1)) of parameters of (2.1), so (a,b) = (a20,0a1,1,-..,bon), and
by Rla, b] and Cla, b] the rings of polynomials in a, g, by 4 with real and complex coefficients,
respectively.

Thus, the simultaneous vanishing of all linearizability quantities iy, ji provides conditions
which characterize when a system of the form (2.1) is linearizable. The ideal defined by the
linearizability quantities, £ = (i1, j1, 42, j2, ...) C R[a, b], is called the linearizability ideal and
its affine variety, Vy = V(L) is called the linearizability variety.
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In order to find a linearizing change of coordinates explicitly one can look for Darboux
linearization. To construct a Darboux linearization for system (2.1) it is convenient to com-
plexify the system using the substitution

(2.4) z =+ 1y, W=z —1iy.
Then, after a time rescaling by ¢ we obtain from (2.1) a system of the form
(2.5) Z2=z+4+ X(z,w), w=—-w-—Y(z,w).

System (2.1) is linearizable if and only if system (2.5) is linearizable.
A Darbouz factor of system (2.5) is a polynomial f(z,w) satisfying

of . of .
&z—l—%w—Kf,

where polynomial K (z,w) is called the cofactor of f. A Darboux linearization of system (2.5)
is an analytic change of coordinates z1 = Z1(z,w), w1 = Wi(z, w), such that

Zl(sz) = H f]('xj(zaw) =z + Zl(Z,UJ),
=0

Wi(z,w) = ngj(z,w) =w+ Wi(z,w),
=0

which linearizes (2.5), where f;, g; € Clz,w], o, 3; € C, and Zi1 and W, have neither constant
terms nor linear terms.

It is easy to see that system (2.5) is Darboux linearizable if there exist s+ 1 > 1 Darboux
factors fo, ..., fs with corresponding cofactors Kjy,..., K5, and ¢t + 1 > 1 Darboux factors
go, .-+, g¢ With corresponding cofactors Ly, ..., Ly with the following properties:

(i) fo(z,w) =2z4---but f;(0,0) =1 for j > 1;
(ii) go(z,w) =w+--- but g;(0,0) =1 for j > 1; and
(iii) there are s 4t constants ay, ..., as, 51, ..., Bt € C such that

(26) Ko+ K1+ -+asKg=1 and Lo+ G1L1+---+ 6Ly = —1.

The Darboux linearization is then given by the transformations

z1 = Hi(z,w) = fof{" - 5, y1 = Ha(z,w) = 909{31 T Qigt-
The readers can consult [13, 35, 13] for more details.
Before passing to the results of our paper we remind some fact about solutions of systems
of nonlinear polynomial equations which we will need for our study.
Denote by k[z1,...,zy] the ring of polynomials with coefficients in a field & and consider
a system of polynomials of k[z1,...,x,):

fl(xl, . ,$n) = 0,
(2.7)

fm(xl, o ,l‘n) = 0.

We recall that the ideal I in k[x1,...,z,] generated by polynomials fi,..., f,,, denoted
by I = (fi,...,fm), is the set of all polynomials of k[z1,...,x,] expressed in the form
fih1 + faho+ -+ finhum, where hy, ho, ..., hy, are polynomials of k[x1,...,z,]. The variety
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of the ideal I = (f1,..., fm) C k[z1,..., 2] in k™, denoted by V(I), is the zero set of all
polynomials of I,

V() ={A=(a1,...,an) €E"|f(A)=0 forall fel}.

The situation when the variety of a polynomial ideal consists of a finite number of points
arises very rarely. In a generic case, the variety consists of infinitely many points, so generally
speaking, “to solve” system (2.7) means to find a decomposition of the variety of the ideal into
irreducible components. More precisely, an affine variety V' C k™ is irreducible if, whenever
V = Vi UV, for affine varieties V7 and Vs, then either V3 =V or Vo = V. Let I be an ideal
and V = V(I) its variety. Then V' can be represented as a union of irreducible components,
V =VU---UV,,, where each V; is irreducible. The radical of I denoted by VT is the set of all
polynomials f of k[x1,...,2,] such that for some non-negative integer p fP is in I. Clearly,
I and v/T have the same varieties. It is known that v/I can be expressed as an intersection
of prime ideals, VI = ﬂjlej. Prime ideals Q; are called the minimal associate primes of I.
Let V; (i =1,...,s) be the variety of @);. Since the variety of an intersection of some ideals
is equal to the union of the varieties of the ideals, we have that V(I) = V(1) = N3_1Vj.
For example, if I = (x2y3,22°), then VI = (zy,z2) = () N (y, z), that is, the variety of
I is the union of two irreducible components: the plane x = 0 and the line y = z = 0. In
the computer algebra system SINGULAR [17] one can compute the minimal associate primes
of a given polynomial ideal and, thus, the irreducible decomposition of its variety using the
routine minAssGTZ.

Proceeding now to the results of our paper we first state the following theorem on the
linearizability of system (1.3).

Theorem 2.1. System (1.3) is linearizable at the origin if one of the following conditions
holds:

(1) b1z = apz = bso = ba1 = ap3 = boz + bao = bf; + 4b5, = 0,

(2) biz = ag2 = bag = bo2 = ba1 = ag3 = b3y — b3, =0,

(3) biz = ag2 = b11 = bag = bzp = ba1 = 9ags + 4b3, = 0,

(4) b12 = b30 = b21 — ap3 = 2b02 + 5b20 = 10&02 — 3b11 = 4[)?1 + 25()%0 =0.

Proof. Using the computer algebra system MATHEMATICA and the standard procedure men-
tioned above for system (1.3) we have computed the first eight pairs of the linearizability
quantities i1, ji, ..., i, js. Their expressions are very large, so we only present the first two
pairs in the Appendix. The reader can easily compute the other quantities using any available
computer algebra system

The next computational step is to compute the irreducible decomposition of the variety
V(‘CS) = V(<217 Ty ey U8, ]8))

Performing the computations by the routine minAssGTZ [18] of SINGULAR [17] over the
field of characteristic 32452843 we obtain that V(Lg) is equal to the union of the varieties of
four ideals. After lifting these four ideals to the ring of polynomials with rational coefficients

1 One can download linearizability quantities 41, ji, ..., s, js and the SINGULAR code to
perform the decomposition of the variety from http://teacher.shnu.edu.cn/_upload/article/files/79/14/
£36e87e342b8b0d6977e6debdeb3 /3b818cf4-a6f7-4f07-8669-f4b78e48f733.txt.
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using the rational reconstruction algorithm of [17] we obtain the ideals
J1 =(b12, ao2, b3o, b1, ags, boz + bao, by + 4b3),
Jo =(b12, aoz, b2o, boz, ba1, aos, 9bzo — b3y),
J3 =(b1a, aga, bi1, bao, bso, b1, 9aos + 4b3,),
Jy =(b12, b30, ba1, ags, 2bo2 + 5bag, 10agy — 3b11, 4b%; + 25b3).

The varieties of Jy, Jo, Js3 and Jy provide conditions (1), (2), (3) and (4) of the theorem,
respectively.

To check the correctness of the obtained conditions we use the procedure described in
[12]. First, we computed the ideal J = J; N Ja N J3 N Jy, which defines the union of all four
sets given in the statement of the theorem. Then we check that V(J) = V(Lg). According
to the Radical Membership Test, to verify the inclusion V(J) D V(Lg) it is sufficient to
check that the Groebner bases of all ideals (J,1 — wig), (J,1 — wjg) (where k = 1,...,9
and w is a new variable) computed over Q are {1}. The computations show that this is the
case. To check the opposite inclusion, V(J) C V(Lg), it is sufficient to check that Groebner
bases of the ideals (Lg,1 — wf;) (where the polynomials f;’s are the polynomials of a basis
of J) computed over Q are equal to {1}. Unfortunately, we were not able to perform these
computations over Q however we have checked that all the bases are {1} over few fields of
finite characteristic. It yields that the list of conditions in Theorem is the complete list
of linearizability conditions for system (1.3) with high probability [3].

We now prove that under each of conditions (1)—(4) of the theorem the system is lineariz-
able.

Condition (1). In this case bj; = +2bgpi. We consider only the case b1; = 2byi, since when
b11 = —2byoi the proof is analogous. After the change of variables (2.1) system (1.3) becomes

5 =z + by2?,
(2.8) _ e
W= —w — byyz”,
which is a quadratic system. By Theorem 3.1 of [13] and Theorem 4.5.1 of [13] system (2.8)
is Darboux linearizable and, therefore, system (1.3) is linearizable if condition (1) holds.

Condition (2). After substitution (2.1) system (1.3) becomes

1
Z=z+ ﬁ(—182‘b1122 + 18ibj w? + b3, 23 + 302, 22w + 3b3, 2w? + b2 w?),
(2.9)

1
w=—w-+ 5(18ib11z2 — 18ibyw? — b2 2% — 302, 22w — 3b3 2w? — b2 wP).

It has the Darboux factors

b b b
li =2+ %22 + %zw %wz,
b b b
lg =w — Z£22 — sz — ﬂw%
12 6 12
ib11 by o b1 11 bl o
I3 =1 — — L — Zi1 1L
3 6~ " 36 TR T
b b? b b? b?
ly =1— ﬂz+£z2+ﬂw+ilzw+£w2

3 36 3 18 36
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with the respective cofactors

b b b b
fy—1o b, dbu g tu b
6 6 6 6
B ibu ibu . ibll ibll
ky = ——~2 = —w, hy=-——2-—

It is easy to verify that (2.0) is satisfied with a; =1, ag = —1, 1 =1 and 53 = —1. Hence
the Darboux linearization for system (2.9) is given by the analytic change of coordinates

2= LIS, wr = DIy

Thus, system (2.9) is linearizable and therefore the corresponding system (1.3) is linearizable
as well.

Condition (3). In this case after substitution (2.4) the corresponding system (1.3) is changed
to

1
5 =2+ —(=9bg22> 4 18bgazw — Wpaw? — 20352> + 6035 2%w — 6bZy2w? + 2b3,w?),
(2.10) 36

36(

System (2.10) has the Darboux factors

oy o2 o bo2 o Doz o
! 12 6 12
B bo2 o . bo2 bo2 o
lo =w 12 z 5 Zw 19 w”,
2b 2b2 2b, ny 2b2
I3 =1— 02, 202,22 Z02,, 202, 02 2,
3 9 3 9 9
bor Yoo o boa by bgs 0,
Iy =1— 222, 702 202 — 202 ~02
4 T B R T

which allow to construct the Darboux linearization
2= [IS2, wy = I
where a1 =1, as = —3, ,81 =1 and 52 = —3.

Condition (4). For this condition it is easy to see that b1 = £5bagi/2. We consider only the
case bi; = bbagi/2, since when b1 = —5bggi/2 the proof is analogous. After transformation
(2.1) system (1.3) becomes

1
z=z+ T(21b2022 — 6bygzw + b20w2),
(2.11) 6

1
w=—w-+ E(*27b2022 + 18bggzw — 7b20w2).
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System (2.11) has the Darboux factors
1 1 1
lh =z+ T63b2022 + gbgozw + Zgbgowz,

3b b
2720 zw + ﬂwz,

1
ly =w + —9byyz>
2 w+16 202" + 3 16

27b2 b2 b2
I3 =14 3bypz + %zZ + bagw — ﬂzw + 3&11)2,

4 8
_ . 3by 93y 5 by 33 b3y -
Iy =1+ 5 z+ 16z+ 2w+ 3 zw+16w,

yielding the Darboux linearization
2= LSS, wi = ISR,

where a1 =1, ap = =3, f1 =1 and 2 = —3. 0

3. GLOBAL DYNAMICS OF SYSTEM (1.3) HAVING AN ISOCHRONOUS CENTER

Global phase portrait of a planar autonomous system is usually plotted on the Poincaré
disc, which is obtained using the Poincaré compactification. We remind the procedure briefly,
for more details see for instance [2, 19].

Consider the planar vector field

- 0~ 0
X = P(‘/L‘ay)% + Q(x,y)@,

where P(z,y) and Q(z,y) are polynomials of degree n. Let S? = {y = (y1,42,y3) € R :
y3 +y3 +y3 = 1}, S! be the equator of S? and p(X) be the Poincaré compactification of X
on S?. On S?\ S! there are two symmetric copies of X', and once we know the behaviour of
p(X) near S!, we know the behaviour of X in a neighbourhood of the infinity. The Poincaré
compactification has the property that S! is invariant under the flow of p(X). The projection
of the closed northern hemisphere of S? on y3 = 0 under (y1,%2,y3) — (y1,y2) is called the
Poincaré disc, and its boundary is S'.

Because S? is a differentiable manifold, we consider the six local charts U; = {y € S? : y; >
0} and V; = {y € S? : y; < 0} for computing the expression of p(X') where i = 1,2,3. The dif-
feomorphisms F; : U; — R? and G, : V; — R? for i = 1,2, 3 are the inverses of the central pro-
jections from the planes tangent at the points (1,0,0),(-1,0,0),(0,1,0),(0,—1,0),(0,0,1),
and (0,0, —1) respectively. We denote by (u,v) the value of F;(y) or G;(y) for any i = 1,2, 3.

The expression for p(X') in the local chart (Ui, F1) is given by

oo [ap (L) o (L0)], omip(LE).
v v v v v v

=" |:ﬁ <u71> _UQ <u71>:|7 @:—Un+162 <u71>7
v v v v v v

and for (Us, F3) is

for (UQ, Fg) is
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The expressions for V;’s are the same as that for U;’s but multiplied by the factor (—1)"~1.
In these coordinates v = 0 always denotes the points of S'. When we study the infinite
singular points on the charts Uy U Vo, we only need to verify if the origin of these charts are
singular points.

It is said that two polynomial vector fields X and Y on R? are topologically equivalent if
there exists a homeomorphism on S? preserving the infinity S' carrying orbits of the flow
induced by p(X) into orbits of the flow induced by p()), preserving or not the sense of all
orbits.

In this section, we study the global structures of system (1.3) in Poincaré discs for the case
when it has an isochronous center listed in Theorem

Theorem 3.1. The global phase portrait of system (1.3) possessing an isochronous center
listed in Theorem is topologically equivalent to one of phase portraits in Fig. 1. More pre-
cisely, there exists only one equilibrium of system (1.3) in the plane, which is an isochronous
center at the origin. The neighborhood of equilibrium at infinity consists of one elliptic sec-
tor and three hyperbolic sectors (or two hyperbolic sectors and two parabolic sectors) under
conditions (2) and byy # 0 (or under conditions (3) and bpa # 0); otherwise, the isochronous
center 1s global.

©

O
A B C

FIGURE 1. Global phase portraits of system (1.3) possessing an isochronous
center listed in Theorem

Proof. From Theorem 2.1 we have that under conditions (1)—(4) system (1.3) is linearizable.
Under conditions (1) and (4) real systems (1.3) becomes the linear system & = —y, y = =
and its phase portrait is presented in Figure 1.A.

Under conditions (2) and (3) system (1.3) becomes

b2
(3.1) = —y, y=x+buzy+ #1‘3,
and
: 4.9 3 : 2
(3.2) T =—y— =bsy’, Y = x + bo2y”,

9

respectively.
Note that if by; = 0 in (3.1) and bpz = 0 in (3.2), then both systems are the canonic linear
systems and have a global center shown in Figure 1.A. Thus, we consider the cases when
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b11 # 0 and bgo # 0. In both cases by a linear change of coordinates we can reduce systems
(3.1) and (3.2) to systems

23
(3.3) t=-y,  g=zhay+
and
. 4 3 . 2
(3.4) t=—y—gy,  y=Thy
respectively.

System (3.3) has only the isochronous center at (0,0) as a finite singular point. Now we
analyze its singular points at infinity. In the local chart U; system (3.3) becomes

1
U= §(1+9uv+9v2+9u2v2), b = uv.

This system has no real singular points. So the unique possible infinite singular point is the
origin of the local chart Us. In the local chart Us system (3.3) becomes

1 1
(3.5) U= 5(—u4 — 9u*v — 90? — 9u?v?), 0= —§uv(u2 + 9v + 9v?).
It is clear that (0,0) is a singular point of (3.5) and the linear part of (3.5) at (0,0) is the
null matrix, i.e, 8 8 . Applying the directional blow-up in the v-axis twice we obtain

that the behaviour of the orbits close to the origin of Us is as in Figure 2. Therefore, the
global phase portrait of system (3.3) is topologically equivalent to the one in Figure 1.B.

<
><

Z0N A

FIGURE 2. Behaviour of FIGURE 3. Behaviour of
the orbits close to the the orbits close to the
origin of system (3.5). origin of system (3.6).

Now we study system (3.1). This system has only the isochronous center at (0, 0) as a finite
singular point. For the infinite singular points, in the local chart U; system (3.1) becomes
1 1
(3.6) U= §(4u4 + 9u?v 4 9v* 4 9u?v?), 0= §uv(4u2 + 9v?).
This system has only (0,0) as a singular point, and the linear part of (3.6) at (0,0) is the null

matrix. Applying the directional blow-up in the v-axis twice we obtain that the behaviour
of the orbits close to the origin of U; is as showing in Figure
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In the local chart Uy system (3.1) becomes

1
(3.7) U= 5(—4 — 9uw — 92 — 9u?e?), b= —v}(1 4+ w).
As it is mentioned above, we need to study only the origin of this chart, but (0,0) is not a
singular point for system (3.7). Thus, the global phase portrait of system (3.1) is topologically

equivalent to the portrait in Figure 1.C. 0

4. WEAK CENTER AND LOCAL BIFURCATION OF CRITICAL PERIODS

Let o = (a9, a11,...,b20,b11,...) be the string of parameters of real system (2.1) with a
center at the origin. Changing the system to the polar coordinates x = rcosf, y = rsinf
and eliminating ¢, we obtain

dr _rm+yy _ rH(r,0,a)

4.1 — = =
(41) dd xy—yi 1+G(r6,a)

where H (r, 0, a) and G(r, 0, ) are polynomials of 7, o, cos § and sin §. The solution r = (6, «)
of equation (41.1) satisfying the initial condition (0, «) = 9 > 0 may be locally represented
as a convergent power series in rg,

(4.2) r(0,a) = Z Uk(G,oz)r]g.

k=1

Substituting (4.2) into (4.1), one can find coefficients v (6, «) (k > 1) by successive integra-
tion.
Assuming that I';, is the closed trajectory through (rp,0), we can compute the period

function as
P00 = ar= [T S ot
= r,  Jo 1+G(r6,0) & PrTo:

The period function is even and has the Taylor series expansion
oo
(43) T(’l“(), Oé) =27+ Z ka(Oé)T'gk,
k=1

where 79 < § and coefficients poi’s are polynomials in parameters of system (2.1) (see e.g.
[1, 11, 35, 43)).

If po = ... = por, = 0 and pogt+2 # 0, then the origin of system (2.1) is a weak center of
order k. If por. = 0 for each £ > 1, then the origin is an isochronous center. For a center
which is not isochronous, a local critical period is any value 7o <  for which T"(7y) = 0.

By classical results of local critical period bifurcations [11], at most k local critical periods
can bifurcate from the period function related to a weak center of order k. In order to prove
that there are perturbations with exactly & local critical periods, we remind Theorem 2 of
[19] as follows.
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Theorem 4.1. Assume that the period constants paj (j =1,2,....k) of system (2.1) depend
on k independent parameters ay, az, ...,a. Suppose that there exists a = (ay, ag, ..., ax) such
that

ij(EL) = pgj(dl, C~L2, ceey ELk) = 0, ] = 1, 2, veey k‘,

pak+2(@) #0

8(p27p47“'7p2k) ~
det < a(ala A2 -eey (Ik;) (a)) ?é 07

and

then k critical periods bifurcate from the center at the origin of system (2.1) after small
appropriate perturbations.

Remark. The proof that k critical periods can bifurcate after perturbations of system (2.1)
corresponding to parameters a is derived using the Implicit Function Theorem, and the proof
that the bound k is sharp can be derived either using the Mean Values Theorem [26] or
Rolle’s Theorem [4]. In practice k critical periods can be obtained choosing perturbations
such that for some system a* close to

Ip2(a”)] < |pa(a™)| < - -+ < |par(a”)| < |pars2(a”)]

and the signs in the sequence pa(a*), ps(a*), ... pok(a*), popro(a™®) alternate (see e.g. [25, 30,
| for more details).

Because bifurcations of critical periods are bifurcations from centers, to study them for
system (1.3) we need to know the center variety of the system. Due to computational diffi-
culties the center variety of system (1.3) has been found only in the case when agz = 0 [51].
So, from now on we assume that in system (1.3) ag3 = 0 and consider the system

&= —y + apy’,

(4.4) - 2 2 3 2 2
Y =z + (b2ox” + brizy + bo2y”) + (b3oz” + o127y + b12xy”).

The centers of system (4.1) are identified in the following theorem.

Theorem 4.2 ([51]). System (1.1) has a center at the origin if the 7-tuple of its parameters
belongs to the variety of one of the following prime ideals:

(1) Iy = (ba1,b20,bo2),

(2) Iz = (b3o, b12, bo2, b11b2g — bo1),

(3) I3 = (bso, ba1, b12, —2bg2b3y + 4b3sbao — b2 bag, 2a02b11 + b3y — 4boabao, 2a02bo2 — bo2bi1 —
bi1bao, 4ady — b7, — 4b3),

(4) 14 = (ba1,b11, a02),

(5) I = {(aoz2, bo2ba1 + b11b30, 2bo2b12 + bi2bao + boabso, bo2bi1 + bi1b2o — bai, b2y + boabao +
b30, b12b20b21 — 2b11b12b30 — b11b%g, b11b2oba1 — b3 — b3 bso, bi2bdy — 4b12b30 — boabaobso —
23, b11b12b20 — 2b12b21 + b11b2obso — ba1bso, —(b12b3;) + b3 b12bso + b31b%,),

(6) Is = (ba1,b12,b11,bo2),

(7) I; = <521, b12, b3, 3bg2 4+ Bbag, Dage — bi1, 66%1 + 256%0)'

Remark. Like in the proof of our Theorem modular computations were used in order
to determine centers of system (1.1), so it can happen that the list of centers of the system
given in Theorem is incomplete. For this reason it stands in the theorem ”if” but not ”if
and only if”.
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We consider the local bifurcations of critical periods for system (4.4) when all param-
eters are real. Because in R” the variety of I7; consists of one point which is the origin
(0,0,0,0,0,0,0) € R7, we only need to consider varieties of first six ideals I; — I¢.

Theorem 4.3. Suppose that the origin O : (0,0) of system (1.1) is a weak center of a finite
order.

(1) Then the order is at most 3. More precisely, the order is at most 3 (resp. 0,0,3,2,2)
when parameters belong to the variety of the ideal Iy (resp. Iy — Ig).

(2) Moreover, at most 3 (resp. 0,0,3,2,2) critical periods can be bifurcated from the weak
center O of system (1.1) and there exists a perturbation with exactly 3 (resp. 0,0,3,2,2)
critical periods bifurcated from O when parameters belong to the variety of the ideal I (resp.

I — Ig).

Proof. When the parameter o = (a2, b2o, b11, b12, bo2, ba1, b3o) belongs to the variety of the
ideal I;, we found that the first four period coefficients of (1.3) are

pr2(e) = 10ad, — ag2biy + b3, — 3b12 — 9bso,

pra(a) = 1540agy + 700adsbi1 + 21adab3; — 2a02b3, + bl + 84adyb1a + 300ad,b30
+6ag2b11b12 + 18a02b11b3o — 6b3;b1a — 6607, bsg + 9%y + 54b1obzg + 51363,

pie(a) = 3403400a, + 3303300a5,b11 + 690690ag,b%; — 699a2,b7, + 281340a3,b11b30

—13968, + 1261260a3,b12 + 1455300a0sb30 + 346500a35b11b12 + 11935a5,03,
+7263a2,b% 1 b1o — 4995a2,b31b30 — 3366a02b3,b1a — 2538a02b3,b3g 4 417ag2bi;
+1251b7,b1a + 1377b3, b3 + 6966025035 + 31860a2,b12b30 — 52650a2,b%,
+13878ag2b11b12b3o — 4455a02b11b3 — 332102, b3, + 2025b3, + 5265b35b30
—7614b%,b1obsg + 4139163, b3, — 13365b12b3, — 382725b3, + 7209a02b11b%5.

We omit the expression of p; g(«), since it is long and the number of its terms is 55.

We compute the decomposition of (p1,2, 1.4, 1,6, P1,8) With minAssGTZ and obtain (ag2, b3 —
9b30, b12>. That iS, the condition P12 = P14 = P16 = P18 = 0 yields that b12 = ap2 — b20 ==
bo2 = ba1 = apz = 9b3g — b%l = 0, showing that the origin is an isochronous center of system

(1.1) in this case by Theorem
Solving the equation p; 2(a) = 0 we get

(4.5) b12 = 512 = (10/3)@32 — (1/3)(102()11 =+ (1/3)()?1 — 3()30.
Substituting (4.5) in p1 4(cr), we obtain
43203, + 48(ady — b%)b3o + 1920ag, + 672a3,b11 + 48a2,b3, = 0.

Thus, when —1439ag, — 504a3,b11 — 38a3,b3, + bf; < 0 the origin O is a weak center of order
1. When —1439ag, — 504a3,b11 — 38a2,b%, + b}; > 0, from p; 4() = 0 we find that

- 1
b3o = bgo = E( —ady + b3+ \/ —1439ad, — 504ad,bi1 — 38a3,b3, + b‘h).

We now employ the procedure Reduce of computer algebra system MATHEMATICA for the
set of equalities and inequalities {b12 = b12, b3o = b3o, —1439ad, —504ad,b11 — 38a3,b3, + by >
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0,p1,6(a) = 0,p1 8(a) # 0}, and find that this semi-algebraic system is fulfilled if and only if
ag2 # 0 and

—128966505300a) — 131928442900a0,b11 — 62892021225a8,b%, — 18497447700a8,b3,
—3614043210a,b7, — 467726370a5,b3, — 37088580a0,b%; — 1472760a3,b,
(4.6)  —19938a2,b%, + 1650a02b7; + 12519 = 0.

Assuming that ags = 1/2, we can calculate one of solutions by; ~ —2.405222225 from above
equation, which indicates the existence of solutions of above equation with respect to pa-
rameters age and bip in real field. Moreover, computing with MATHEMATICA the rank of the
matrix
O(p1,2,P1,4, P1,6)
d(aoz2,b11,b12,b30)’
we find that it is equal to 3 when bya = by, bso = bso, a2 # 0 and (1.6) holds. From Theorem

there exists a perturbation of system (4.41) with exactly 3 critical periods bifurcated from
weak center O of order 3 when a belongs to the variety of I;.

When the parameter o = (ag2, bao, b11, b12, bo2, b21, b3p) belongs to the variety of the ideal
I5, we have the first period coefficient in (41.3):

p22(@) = 10agy — agzbiy + b7; + 10b3,

which cannot be equal to zero in the real field, since IOa%Z — apabi1 + b%l > 0 unless agy =
b11 = 0. That is, the center at the origin is of order 0 in this case.

When the parameter o = (agz, b2, b11, b12, bo2, ba1, b3o) lies in the variety of the ideal I3,
we compute the first period coefficient in (1.3):

pa2(a) = 10ady — agabiy + b3y + 4b3y + 10bgabag + 1003,

finding that ps2(«) # 0 unless all parameters vanish. Thus the center O is of order 0 in this
case.

When the parameter oo = (ag2, b2o, b11, b12, boz, b21, bzg) belongs to the variety of the ideal
I, or I5, we can see that system (1.1) is a reduced Kukles system. The variety of ideal I4
(resp. I5) for center conditions corresponds to the center type Kyrr (resp. K or Kry) in
[16]. Applying Theorems 3.3, 3.4 and 3.7 of [1(] we obtain that the order at the origin is
at most 3 (resp. 2), and there exists a perturbation with exactly 3 (or 2) critical periods
bifurcated from O when parameters belong to the variety of the ideal I (resp. Is).

When the parameter oo = (ag2, b2o, b11, b12, boz, b21, bzg) belongs to the variety of the ideal
I, we found that the first three period coefficients in (4.3) are

p672(04) = 10@32 + 10b%0 — 9b30,
pea(a) = 1540ag, + 200adsbs, + 154065, + 300ag,bso — 3300b30b30 + 513b3,
pes(a) = 136136ad, + 38808agyba + 13080ad,bsy + 16570465, + 58212ag,b30

—17496a2,b3,b30 — 546588bagb3o — 2106a2,b3, + 341334b30b3, — 15309b3,.
Eliminating b3 from ps2(a) = 0 we find

b30 = 630 = (10a32 + 10b%0)/9.



LINEARIZABILITY AND CRITICAL PERIOD BIFURCATIONS OF RICCATI SYSTEM 15

Letting b3y = 1330 we obtain from pg 4 = 0 that
4Tagy — 35a3,b5, — 28b3, = 0,

yielding

aga = Qg2 := :|:\/35/94 + (3/94)\/ 721 boy.
Eliminating bso and age by substituting bsg = bso and age = do2 into D6.,6(), we obtain
b5, (3578681 4 142373V/721),

which does not vanish if bog # 0. Therefore, the order of the weak center is at most 2, and
there exists a perturbation with exactly 2 critical periods bifurcated from O when parameters
belong to the variety of the ideal Ig by Theorem 4.1, since the rank of the matrix

3(176,271?6,4)
d(apz, b2o, b3o)’

is equal to 2 when b3y = 530, ag2 = Gg2 and boy # 0. Notice that when byg = 0 and age # 0
the center O is a weak center of order 1, and when byy = age = 0 the center O is either the
linear isochronous center or the order is 0. [l

5. CONCLUSION

For cubic generalized Riccati system (1.3), we derived conditions on parameters of the
system for the linearizability of the origin, see conditions (1)-(4) of Theorem

For the study we have used the approach based on the modular calculations of the set of
solutions of polynomial systems, which was used for the first time in [11] and described in
details in [12]. The approach can be considered as one between precise symbolic computations
and numerical computations since it produces a result which is not completely correct, but
correct with high probability — in the sense that it is easily verified if the obtained solutions
of a given system of polynomials are correct, but it can happen, that some solutions are lost.
Recently an efficient algorithm to verify if the list of solutions obtained with the approach is
complete was proposed in [38] however it is not yet implemented in freely available computer
algebra systems. The approach can be efficiently applied to study various mathematical
models where arises the problem of solving polynomial equations.

When the origin is an isochronous center, we found that system (1.3) has at most three
topologically equivalent global structures, which are the global center at the origin, the neigh-
borhood of equilibrium at infinity consists of one elliptic sector and three hyperbolic sectors,
and the neighborhood of equilibrium at infinity consists of two hyperbolic sectors and two
parabolic sectors, as shown in Theorem 3.1. The last result is the investigation of local bi-
furcations of critical periods in a neighborhood of the center. We proved that the order of
weak center at the origin is at most 3 when parameters belong to the center variety and at
most 3 critical periods can be bifurcated from the weak center of system (1.1), as shown in
Theorem
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APPENDIX

Here are listed the first two pairs of the linearizability quantities of system (1.3).

i1 =10ags 4 9aos + 4bgs — ao2bi1 + by — 3bi2 + 10boabao 4 10639 — 9bso,

1 =2a02bo2 — bozbi1 — bi1bao + bai,

iz =168ag2a03 — 272a02b5s — T2a03bge — 32b5s — 112ag5b11 — 42a02a03b11 + 40ao2bgabin — 21aesbiy
— 18bpabTy — 21ag2biy — b1y + 12a2b12 — 48bjabia + T2a02b11b12 — 3b31b12 + 18bT5 — 48ad2bozbao
— 132a03bo2b20 — 80b32bao — 286a02bo2b11bao + 4Tbozbi1bao — 144bgabiabag — 160agsbsg — 102a03bag
+ 12632630 — 306a02b11b30 + 61b71b3¢ — 114b12b3 + 260bg2big + 200b39 — 30a02b02b21 — 39bo2b11ba1
+ 84agabzobar — 96b11baobar + 27b3; + 132ad,b30 + 8laosbso — 66b52bs0 + 207aoebiibso — 6b71b30
— 6a22b71 + 81b12bso — 498bo2baobso — 498b3gbso + 135b3,

G2 =224ag,bo2 + 240a02a03bo2 — 16a02bgy — 184ag,bozbi1 + 6aosbozbit + 40033011 + 124a02bo2bT; — 11bo2bi;
— 156a02bo2b12 + 54boab11b12 — 120a82b20 — 108a02a03b20 + 104aoabyabao + 40ad2b11bao + 27aozbiibao
+ 38bgabi1bao + T7ao2bl bag — 8b31bao 4+ 24anabiabao + 39b11b12b2o 4+ 140a02boabag — 64boabr1bag
— 120a02b3 — 50b11b3g — 48a32b21 — 45a03ba1 — 42bgaba1 — 8Tag2bi1b21 — 27b12ba1 — 6boabaobar
+ 6b31ba1 + 30b30b21 — 270a02b02b30 + 105bo2b11b30 + 108a02baobso + 84b11b20b30 — 36ba1bso.
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